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Abstract For any positive integer n, the Smarandache dual function S**(n) is defined as 


s**(n) max{2m: meéN*, (2m)!! | n}, 2|n; 
n)= 
max{2m—1: me N*, (Qm—1)!|n}, 2fn. 


The main purpose of this paper is using the elementary methods to study the convergent 


properties of an infinity series involving S**(n), and give an interesting limit formula for it. 
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§1. Introduction and Results 


For any positive integer n, the Smarandache dual function $**(n) is defined as the greatest 
positive integer 2m — 1 such that (2m — 1)!! divide n, if n is an odd number; S**(n) is the 
greatest positive 2m such that (2m)!! divides n, if n is an even number. From the definition of 
S**(n) we know that the first few values of S**(n) are: S**(1) = 1, S**(2) = 2, S**(3) = 3, 
S**(4) = 2, S**(5) = 1, S**(6) = 2, S**(7) = 1, S**(8) = 4, ---. About the elementary 
properties of S**(2), some authors had studied it, and obtained many interesting results. For 


example, Su Gou [1] proved that for any real number s > 1, the series 5° 5") iis absolutely 


n=1 @ 
convergent, and 


oo S**(n) 1 = 2 ~ 2 
De = (1-5) (1° gota) 1600 ( war) 


n=1 


where ¢(s) is the Riemann zeta-function. 


Yanting Yang [2] studied the mean value estimate of S**(n), and gave an interesting asymp- 


1 2 
| "av) + O(In* 2), 
0 


totic formula: 


NIK 


> S*(n) =x (26! —3+42e 


n<ux 
where e = 2.7182818284--- is a constant. 
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Yang Wang [3] also studied the mean value properties of S**(n)”, and prove that 


E sw'= 4 +0((EE) ). 


n<u 


In this paper, we using the elementary method to study the convergent properties of the series 


ae 
d 


4k 


and give an interesting identity and limit theorem. That is, we shall prove the following: 
Theorem. For any real number s > 1, we have the identity 


s(n)? Ls 1 8m wo 8&m-4 
dX, oe) c Qe ' (1 2) ((Qm + 1)!)5 | 2 ((2m)!)s |}? 


where ¢(s) is the Riemann zeta-function. 
From this Theorem we may immediately deduce the following limit formula: 


Corollary. We have the limit 


S**(n 13 
ae) (3 = | 2 


§2. Proof of the theorem 


In this section, we shall nOmp lee the proof of our theorem directly. It is clear that S**(n) << 


Inn, so if s > 1, then the series 3 Swe is convergent absolutely, so we have 
n=1 
co S**(n)? eo] S**(n)? co SOa)7 _ 
ae Dp se 
n=1 n=1 n=1 
2tn 2|n 


where 


n=1 n=1 
2tn 2\n 


From the definition of S**(n) we know that if 2 {n, we can assume that S**(n) = 2m —1, then 
(2m — 1)!! | n. Let n = (2m — 1)!!u, 2m +14 u. Note that the identity 
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so from the definition of S**(m) we can deduce that ( s > 1 ), 


aS Dy Ds (2m — D!)F us 


~ 2 en 2 : 
me 
~ > Sete (Sep omy mF) 
= Ge) (1- =) (> eer > ear) 
- co(t-$) (meen) 
= cos r)( SF) 


For even number n, we assume that S**(n) = 2m, then (2m)!! | n. Let n = (2m)!!u, 2m+2 fv. 
If s > 1, then we can deduce that 


Co co mn 
% = >) dD ee 


a 

- Loar Le 
(2m-+2)tu 

= Deni (= nar Si) 
= 9 & ana oti | 
= cs) & - > ame mm) 
= (sts t > aor) 
= 4c(8) > cue 
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Hence, 


This completes the proof of our Theorem. 
Now we prove Corollary, note that 


1 <= 4m 8m — 4 
a7 x (Qm+ ll +2 Qmyll 
1. = 2 2 = 4 4 
= Oe ono au) oon oem) 
1 13 
— steTe = 


and 


lim(s ~ 1)¢(s) = 1, 


1 1\< 8m ~ 8m—4 

= tee 160) h et (t >) tema * Gay 
_ 4m 8m —4 13 
= a Dy Gm+pit + Gm ~ 2 


This completes the proof of Corollary. 
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